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Under the self-consistent mean-field approach for the BCS-BEC crossover problem, we derive a
closed-form analytical expression for the general spin response of noncentrosymmetric Fermi super-
fluids with arbitrary spin-orbit coupling and Zeeman fields. In addition to the paramagnetic, i.e.,
the Pauli intra-helicity and Van Vleck type inter-helicity, contributions to the spin-susceptibility
tensor that have normal-state counterparts, we identify a diamagnetic inter-helicity contribution
that is unique to the superfluid state. Our extensive numerical calculations for the Weyl, Rashba
and equal Rashba-Dresselhaus spin-orbit couplings illustrate that it is this diamagnetic contribution
that grows gradually with pairing and cancels precisely the Van Vleck contribution away from the
BCS regime in general.
I. INTRODUCTION
Having two-dimensional metals with a weak Rashba
spin-orbit coupling (SOC) in mind, the BCS theory of the
superconducting state without inversion symmetry [1, 2]
was initially developed to answer how the lack of spatial
reflection symmetry can affect properties of a supercon-
ductor. One of their main conclusions is that, by lifting
the two-fold spin degeneracy, and hence, mixing the spin-
singlet and spin-triplet components in the wave function
of the Cooper pairs, SOC gives rise to a nonzero and
rather high spin response for the ground state of non-
centrosymmetric superconductors. Since the spin sus-
ceptibility is commonly used as a means to probe and
distinguish the spin-singlet and spin-triplet pairings, fol-
lowing the original footsteps [2], the spin response of such
superconductors and superfluids (SF) has been the main
subject of many papers with broad interest first in the
condensed-matter physics community [3–7] and then in
the cold-atom one [8–10].
In this paper, we revisit the spin response of uniform
noncentrosymmetric Fermi SFs with arbitrary SOC and
Zeeman fields, and derive a closed-form analytical ex-
pression for the generalized spin-susceptibility tensor χij
through the derivative expansion of the mean-field ther-
modynamic potential. Our calculation yields three dis-
tinct contributions denoted by χij = χ
intra
ij + χ
inter
ij(a) +
χinterij(b) . In addition to the usual paramagnetic Pauli intra-
helicity contribution χintraij and paramagnetic Van Vleck
type inter-helicity contribution χinterij(a) that have normal-
state counterparts, we find a diamagnetic inter-helicity
contribution χinterij(b) that is unique to the SF state. By
performing extensive numerical calculations for the Weyl,
Rashba and equal Rashba-Dresselhaus (ERD) SOCs, we
illustrate that while the spin response is dominated quite
strongly by χinterij(a) in the BCS limit, it is the diamag-
netic contribution χinterij(b) that grows gradually with pair-
ing and cancels precisely the paramagnetic contribution
χinterij(a) away from the BCS regime. Thus, the existence
of a nonzero ground-state spin response is not truly a
measure of the SOC induced spin-triplet component of
the SF order parameter. However, since the χinterij(b) con-
tribution has a strong peak in the vicinity of unitarity,
observation of its diamagnetic effect is within the cur-
rent reach of recent cold-atom experiments [11–15], as it
accounts for the physical mechanism that forms spinless
molecules from Cooper pairs in the BEC limit.
The rest of the paper is organized as follows. Starting
with an introductory discussion of the non-interacting
problem in Sec. II, we first derive closed-form analytical
expressions for uniform SFs in Sec. III, and then present
their numerical analysis in Sec. IV. The paper ends with
a brief summary of our conclusions in Sec. V.
II. NON-INTERACTING FERMI GASES
In order to gain initial insight into the SF Fermi gases,
let us first discuss the spin-susceptibility tensor of non-
interacting Fermi gases that are described by the generic
Hamiltonian density Hk = ξkσ0 − Zk · σ in momentum
(k) and spin (σ) space. Here, ξk = k − µ is the usual
free-particle dispersion k = k
2/(2m) (in units of ~ → 1
the Planck constant) shifted by the chemical potential µ,
and Zk = h − dk is effectively a k-dependent Zeeman
field combining the true Zeeman field h =
∑
i hiî with
the SOC field dk =
∑
i d
i
kî, where î is a unit vector
along the i direction. In addition, σ0 is a 2 × 2 identity
matrix, and σ =
∑
i σiî is a vector of Pauli spin matrices
in such a way that dik = αiki corresponds to the Weyl
SOC when αi = α for all i = {x, y, z}, a Rashba SOC
when αz = 0, and to an ERD SOC when αy = αz = 0.
Here, we choose α ≥ 0 without the loss of generality.
The resultant energy eigenvalues and eigenstates can be
shortly denoted as Hk|sk〉 = ξsk(h)|sk〉, where ξsk(h) =
ξk + sZk(h) with s = ± and Zk(h) = |Zk(h)| is the
helicity spectrum.
Expanding the corresponding thermodynamic poten-
tial Ω(h) = −T∑sk ln[1 + e−ξsk(h)/T ] in powers of h,
where T is the temperature (in units of kB → 1 the Boltz-
mann constant), i.e., Ω(h) = Ω(0)− (1/2)∑ij χijhihj +
· · · , we identify the spin-susceptibility tensor as χij h→0=
−∂2Ω/(∂hi∂hj). For non-interacting Fermi gases, a com-
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2pact way to express this result is as follows
χij =
1
2
∑
ss′k
Xsk −Xs′k
ξsk − ξs′k Reh→0
〈
s
∣∣∣∣∂Hk∂hi
∣∣∣∣ s′〉〈s′ ∣∣∣∣∂Hk∂hj
∣∣∣∣ s〉 ,
where Xsk = tanh[ξsk/(2T )] is a thermal factor with
ξsk = ξk + sdk and dk = |dk|, Re is the real part, and
|s〉 ≡ |sk〉 is adapted for a simpler notation. Here, the
derivative notion is implied for the s→ s′ terms. It order
to gain further insight, we separate χij = χ
intra
ij + χ
inter
ij
into its intraband and interband contributions as follows
χintraij =
1
4T
∑
sk
dikd
j
k
d2k
Ysk, (1)
χinterij =
1
2
∑
sk
Xsk
sdk
(
δij − d
i
kd
j
k
d2k
)
, (2)
where Ysk = sech2[ξsk/(2T )] is another thermal factor,
and δij is a Kronecker delta. While the intraband term
corresponds to the Pauli-paramagnetic contribution, the
interband term is of the Van Vleck type accounting for
the field-induced virtual transitions between the helicity
bands [3–7]. Note that we trivially obtain the usual
Pauli expression χij = δij
∑
k Yk/(2T ) of a free Fermi
gas when dk = 0.
Analytical understanding of these intraband and inter-
band contributions in the ground state proves to be par-
ticularly illuminating for the analysis of our numerical
results that are presented in Sec. IV for the SF Fermi
gases. Thus, by setting T → 0, we obtain χintraij =∑
sk d
i
kd
j
kδ(ξsk)/d
2
k and χ
inter
ij =
∑
sk sθ(ξsk)/(δij/dk −
dikd
j
k/d
3
k), where δ(x) is the Dirac-delta function and θ(x)
is the Heaviside-step function. For instance, these expres-
sions lead to χintraij = δijθ(µ+mα
2/2)(N/F )[µ/(2F ) +
m2α2/k2F ]/
√
µ/F +m2α2/k2F and χ
inter
ij = δijθ(µ +
mα2/2)(N/F )
√
µ/F +m2α2/k2F for the Weyl SOC
in three dimensions, and χintrazz = 0, 2χ
intra
⊥ =
θ(µ)N/F +θ(−µ)θ(µ+mα2/2)(N/F )/
√
1 + 2µ/(mα2),
and χinterzz = 2χ
inter
⊥ = θ(µ)N/F + θ(−µ)θ(µ +
mα2/2)(N/F )
√
1 + 2µ/(mα2) for the Rashba SOC in
two dimensions. Here, N = k3FV/(3pi
2) and k2FA/(2pi)
are the total number of particles in three and two di-
mensions, respectively, with F = k
2
F /(2m) the corre-
sponding Fermi energy. Thus, in the α → 0+ limit, we
find χintraij = δijN/(2F ) and χ
inter
ij = δijN/F for the
Weyl SOC in three dimensions, and χintrazz = 0, 2χ
intra
⊥ =
N/F and χ
inter
zz = 2χ
inter
⊥ = N/F for the Rashba SOC
in two dimensions. Note that these results are in agree-
ment with the usual expression χij = δijDN/(2F ) of a
free Fermi gas, i.e., when dk = 0, in D dimensions.
Having shown that the interband contribution plays
an equally important role in recovering the usual Pauli
paramagnetism of a free Fermi gas in the dk → 0 limit,
next we investigate its effects on the SF Fermi gases.
III. SUPERFLUID FERMI GASES
Assuming a zero-ranged density-density attraction be-
tween ↑ and ↓ particles in real space, we restrict our-
selves to the uniform BCS description in k space that
is governed by the mean-field Hamiltonian Hmf =
(1/2)
∑
k Ψ
†
kMkΨk +
∑
k ξk + ∆
2/U. Here, the spinor
operator Ψ†k = (ψ
†
k ψ−k) with ψ
†
k = (ψ
†
↑k ψ
†
↓k) creates
(annihilates) particles (holes) that are characterized by
the following matrix
Mk =
[
ξkσ0 − Zk(h) · σ i∆σy
−i∆σy −ξkσ0 + Z−k(h) · σ∗
]
, (3)
where the BCS mean-field ∆ = U〈ψ↑kψ↓−k〉, with U ≥ 0
the strength of the contact interaction and 〈· · · 〉 the ther-
mal average, is taken as a real parameter without the
loss of generality. Similar to the non-interacting Fermi
gases discussed in Sec. II, one can in principle calculate
χij by taking the derivatives of the mean-field thermody-
namic potential Ω(h) = −(T/2)∑λk ln[1+e−Eλk(h)/T ]+∑
k ξk + ∆
2/U, where λ = {1, 2, 3, 4} labels the quasi-
particle and quasihole energies. While it is possible to
simplify this expression in some special cases, i.e., by im-
posing the particle-hole symmetry Eλk(h) = −Eλ′,−k(h)
of the system and the traceless condition
∑
λEλk(h) = 0
for every k, it is unfortunate that the spectra Eλk(h) can
not be put into a closed-analytical (yet simple) form in
the simultaneous presence of arbitrary h and dk fields.
To circumvent around this problem, next we make
use of the Green’s function approach which allows
us to expand Ω(h) in powers of h in a systematic
way [8]. For this purpose, we first note that, Ω(0) =
−(T/2)∑`k ln detG−1`k +∑k ξk + ∆2/U, where
G−1`k =
[
(iω` − ξk)σ0 − dk · σ i∆σy
−i∆σy (iω` + ξk)σ0 − dk · σ∗
]
is the inverse Green’s function for the h = 0 problem
[1, 2, 4–8]. Here, ω` = 2pi(`+1/2)T is the fermionic Mat-
subara frequency, and the quasiparticle and quasihole
energies are determined by setting detG−1`k = [(iω`)
2 −
E2+,k][(iω`)
2−E2−,k] to zero where Esk =
√
ξ2sk + ∆
2 with
s = ± are the quasiparticle energies. Similarly, we can
write, Ω(h) = −(T/2)∑`k ln detG−1`k + ∑k ξk + ∆2/U,
where G−1`k = G−1`k −Σh is the inverse Green’s function for
the h 6= 0 problem, where the particle/hole components
of Σh are Σ
11
h = −h ·σ, Σ22h = h ·σ∗ and Σ12h = Σ21h = 0.
Thus, we can formally expand the thermodynamic poten-
tial as Ω(h) = Ω(0) + (T/2)
∑
n`k Tr(G`kΣh)
n/n, where
Tr denotes a trace over the particle/hole and spin sectors,
and n ≥ 1 is a positive integer. Here, the particle/hole
components of the Green’s function G`k can be written
3as follows
G11`k =
1
2
∑
s
iω` + ξsk
(iω`)2 − E2sk
(
σ0 +
dk · σ
sdk
)
, (4)
G22`k =
1
2
∑
s
iω` − ξsk
(iω`)2 − E2sk
(
σ0 − dk · σ
∗
sdk
)
, (5)
G12`k =
1
2
∑
s
−i∆σy
(iω`)2 − E2sk
(
σ0 − dk · σ
∗
sdk
)
, (6)
G21`k =
1
2
∑
s
i∆σy
(iω`)2 − E2sk
(
σ0 +
dk · σ
sdk
)
, (7)
and they are obtained through a lengthy but a straight-
forward algebra, coinciding with the available litera-
ture [1, 2, 4–8]. Given the power series expansion
of Ω(h) with h, we immediately identify χij
h→0
=
−[T/(2hihj)]
∑
`k Tr(G`kΣh)
2 as the spin-susceptibility
tensor for the SF Fermi gases.
Using this prescription, and after some tedious
algebra, we eventually obtain a rather simple ex-
pression for χij = −T
∑
ss′`k{[(iω`)2 + ξskξs′k +
∆2]/ detG−1`k } Re
h→0
〈s|∂Hk/∂hi|s′〉〈s′|∂Hk/∂hj |s〉, where
Hk is the non-interacting Hamiltonian density introduced
in Sec. II. Furthermore, performing the summation over
the Matsubara frequency ω`, a compact way to express
the final result is as follows
χij =
1
2
∑
ss′k
Xsk
Esk
(
ξsk +
2∆2
ξsk+ξs′k
)
− Xs′kEs′k
(
ξs′k +
2∆2
ξs′k+ξsk
)
ξsk − ξs′k
× Re
h→0
〈
s
∣∣∣∣∂Hk∂hi
∣∣∣∣ s′〉〈s′ ∣∣∣∣∂Hk∂hj
∣∣∣∣ s〉 , (8)
where Xsk = tanh[Esk/(2T )] is a thermal factor. Here,
the derivative notion is again implied for the s → s′
terms following the analogous treatment of the non-
interacting case. In addition, we again separate χij =
χintraij + χ
inter
ij(a) + χ
inter
ij(b) into its intraband and interband
contributions as follows
χintraij =
1
4T
∑
sk
dikd
j
k
d2k
Ysk, (9)
χinterij(a) =
1
2
∑
sk
ξskXsk
sdkEsk
(
δij − d
i
kd
j
k
d2k
)
, (10)
χinterij(b) =
∆2
2
∑
sk
Xsk
sdkξkEsk
(
δij − d
i
kd
j
k
d2k
)
, (11)
where Ysk = sech2[Esk/(2T )] is another thermal factor.
Note that we trivially obtain the usual BCS expression
χij = δij
∑
k Yk/(2T ) of a SF Fermi gas when dk = 0.
These closed-form analytical tensors, that are general-
ized for an arbitrary SOC field dk, are the main results
of this paper. It can be readily verified that their total
response tensor χij reproduces all known limits in the
cold-atom literature, e.g., the isotropic Weyl SOC [8] and
the zz-component of the Rashba SOC [10] at T = 0. As
discussed in Sec. IV, while χinterij(a) is a paramagnetic con-
tribution, χinterij(b) is a diamagnetic one in such a way that
their sum eventually cancels each other precisely towards
the molecular gas limit. This competition reveals the
physical mechanism that forms spinless molecules from
Cooper pairs in the BEC limit, which naturally exhibit
zero spin-susceptibility at any T including their ground
state.
More importantly, while Eqs. (9) and (10) evolve, re-
spectively, from Eqs. (1) and (2) of the non-interacting
problem as soon as ∆ 6= 0, it is only Eq. (11) that
uniquely contributes to the spin-susceptibility tensor of
SF Fermi gases. It is intriguing to note that Eq. (11)
can be put into precisely the same form as the inter-
band contribution to the SF density tensor ρinterij =
−(m∆2/V )∑sk dkXskgijk /(sξkEsk) [16] and the pair
mass tensor cinterij = −(1/4)
∑
sk dkXskgijk /(sξkξsk) near
T → Tc [17]. For instance, if the SOC field is of
the form dik = αiki then we can reexpress Eq. (11)
as χinterij(b) = [∆
2/(αiαj)]
∑
sk dkXskgijk /(sξkEsk), where
gijk is the total quantum metric of the helicity bands.
What allows this curious correspondence is that the to-
tal quantum metric gijk = [
∑
`(∂d
`
k/∂ki)(∂d
`
k/∂kj) −
(∂dk/∂ki)(∂dk/∂kj)]/(2d
2
k) of the helicity bands reduces
to gijk = αiαj(d
2
kδij − dikdjk)/(2d4k) for the specific case
when dik = αiki [16, 17]. Thus, we identify ρ
inter
ij =
−(m/V )αiαjχinterij(b) for such SOC fields at any T . From
the quantum geometric point of view, this identifica-
tion reveals that the interband term Eq. (11) may be
interpreted as the quantum metric contribution to the
spin-susceptibility tensor, caused by the geometric ef-
fects on the Cooper pairs. Likewise, the remaining in-
terband term Eq. (10) may also be interpreted as the
quantum metric contribution to the spin-susceptibility
tensor, caused by the geometric effects on the single par-
ticles.
The existence of a nonzero ground-state spin response
at T = 0 is not truly a direct measure of the SOC induced
spin-triplet component of the SF order parameter. Our
analysis reveals that, unlike the interband term Eq. (11)
for the Cooper pairs, the Van Vleck type interband term
Eq. (10) has a nonzero contribution even in the normal
state no matter if ∆ = 0. Indeed, next we show that the
paramagnetic contribution coming from Eq. (10) domi-
nates the diamagnetic one coming from Eq. (11) for most
of the parameter regimes of experimental interest.
IV. NUMERICAL RESULTS
It is clear that the numerical evaluations of Eqs. (9),
(10) and (11) necessitate a priori the solutions of ∆ and µ
for any given set of U , dk and T parameters. Within the
BCS mean-field approach, this is achieved through the it-
erative solutions of the self-consistency equations for the
4FIG. 1: (color online) The zz-component of the spin-susceptibility tensor is mapped [in units of the free Fermi gas value
χ0 = 3N/(2F )] for a three-dimensional SF Fermi gas in the ground state. Since χ
intra
zz = 0 as long as ∆ 6= 0 at T = 0, we show
χzz = χ
inter
zz(a) + χ
inter
zz(b) together with the competing interband contributions coming from the paramagnetic term χ
inter
zz(a) and the
diamagnetic term χinterzz(b) . Note that this competition gives rise to a cancellation of the spin response χzz → 0 for the molecular
SF Bose gas.
SF order parameter 1/U =
∑
sk Xsk/(4V Esk), and the
total number of particles N =
∑
sk[1/2−ξskXsk/(2Esk)].
In accordance with the cold-atom literature, while we
substitute the theoretical parameter U with the experi-
mentally more relevant two-body scattering length as in
vacuum via the usual relation V/U = −mV/(4pias) +∑
k 1/(2k) for three-dimensional systems, we substitute
U with the two-body binding energy b ≥ 0 in vacuum
via the usual relation A/U =
∑
k 1/(2k + b) for two-
dimensional ones.
Since the mean-field approach works best at low T in
the entire BCS-BEC crossover regime, next we present
our numerical calculations only for the SF ground state
as it sufficiently illustrates our main findings in this pa-
per. For this purpose, we may set Xsk → 1 and Ysk → 0
for every s and k as long as ∆ 6= 0 in the T → 0 limit,
leading to a vanishing intraband contribution χintraij = 0
for any dk. Thus, in the SF ground state, while the inter-
band spin-susceptibility tensor is isotropic χinterij = χδij
for the Weyl SOC [8], its diagonal components are re-
lated by χinterzz = 2χ
inter
⊥ for the Rashba SOC [9], and
by χinterxx = 0 and χ
inter
zz = χ
inter
yy for the ERD SOC [9]
in three dimensions. However, in two dimensions, the
diagonal components are related by χinterzz = 2χ
inter
⊥ for
the Rashba SOC, and by χinterxx = 0 and χ
inter
zz = χ
inter
yy
for the ERD SOC. Thus, as all of the non-trivial com-
ponents are proportional to each other for all SOC fields
considered in this paper, next we present only the zz-
component at T = 0.
In Fig. 1, we show colored maps of χzz ≡ χinterzz =
χinterzz(a) + χ
inter
zz(b) for the Weyl, Rashba and ERD SOCs in-
troduced in Sec. II, along with the specific contributions
from χinterzz(a) and −χinterzz(b) . See Fig. 2 for the analogous
results in two dimensions. The strengths α of the SOC
fields are varied in both figures for the entire BCS-BEC
crossover. First, we verify that the peak values of χzz
occuring in the BCS limit are consistent with the χinterzz
contributions that are discussed in Sec. II for the non-
interacting Fermi gases. For instance, χinterzz = N/F
for the Weyl SOC in three dimensions as well as for the
Rashba SOC in two dimensions when α → 0+. Second,
we observe that χzz is dominated by the paramagnetic
contribution χinterzz(a), and never changes sign for the entire
parameter space. In fact, the magnitude of the diamag-
netic contribution |χinterzz(b) | turns out to be bounded by
χinterzz(a) in the spinless limit of a molecular SF Bose gas in
such a way that their competition gives rise to the com-
plete cancellation of the spin response where χzz → 0.
Furthermore, our numerical results clarify the origins
of the nonzero spin response that is caused by SOC in a
5variety of noncentrosymmetric superconductors and SFs
in their ground state. Since χinterzz(b) is not the leading
contribution to χzz for most of the parameter space,
χzz 6= 0 is clearly not primarily caused by the SOC in-
duced spin-triplet component of the SF order parameter.
In the condensed-matter literature [2–7], Eq. (11) is typ-
ically neglected and Eq. (10) is replaced with its normal-
state value. This treatment works reasonably well for
weak coupling BCS superconductors and SFs, for which
Eq. (11) has negligible contribution and Eq. (10) approx-
imates the non-interacting result. These are clearly illus-
trated by our extensive numerical results. Away from the
BCS regime, however, one needs to treat both contribu-
tions on an equal footing in order to recover the proper
molecular limit, which is best seen in Fig. 2.
V. CONCLUSIONS
In summary, here we analyzed the spin response
of spin-orbit coupled Fermi SFs with arbitrary SOC
and Zeeman fields. For this purpose, assuming a
self-consistent mean-field approach for the BCS-BEC
crossover problem, we derive a closed-form analytical
expression for the generalized spin-susceptibility tensor
χij through the derivative expansion of the thermody-
namic potential with Green’s function approach. The
tensor has three distinct contributions denoted as χij =
χintraij +χ
inter
ij(a) +χ
inter
ij(b) . In addition to the usual paramag-
netic Pauli intra-helicity contribution χintraij and param-
agnetic Van Vleck type inter-helicity contribution χinterij(a)
that originate from their normal-state counterparts upon
pairing, we found a diamagnetic inter-helicity contribu-
tion χinterij(b) that is unique to the SF state. Motivated by
the recent identification of some interband effects as the
quantum metric contributions to the SF density and the
Cooper pair mass [16, 17], we noted that χinterij(a) and χ
inter
ij(b)
contributions may be interpreted as geometric effects on
the single particles and Cooper pairs, respectively. How-
ever, such a geometric interpretation holds only for those
SOC fields that are of the generic form dk =
∑
i αikiî.
Furthermore, our extensive numerical calculations for
the Weyl, Rashba and ERD SOCs illustrated that it is
the diamagnetic contribution χinterij(b) that grows gradu-
ally with pairing and cancels precisely the paramagnetic
contribution χinterij(a) away from the BCS regime. Thus,
this competition revealed the physical mechanism that
forms spinless molecules from Cooper pairs in the BEC
limit, whose spin response naturally must vanish. The
existence of a nonzero ground-state spin response is not
truly a direct measure of the SOC induced spin-triplet
component of the SF order parameter. Our thorough
analysis revealed that, unlike the χinterij(b) contribution that
is unique to the SF state, χinterij(a) contribution is nonzero
even in the normal ground state. Moreover, we showed
that the spin response is dominated quite strongly by its
normal-state counterpart χinterij(a) for most of the param-
eter regimes of interest. Note that since the χinterij(b) con-
tribution has a strong peak in the vicinity of unitarity,
observation of its diamagnetic effect is within the reach
of ongoing cold-atom experiments [11–15].
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